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Quasi-TEM Description of MMIC Coplanar
Lines Including Conductor-Loss Effects

Wolfgang Heinrich

Abstract—A quasi-TEM model of MMIC coplanar structures
is presented. The elements of the distributed equivalent circuit
are calculated by closed-form approximations and hence can
easily be implemented into CAD packages. The effects of non-
ideal conductors are included as well as substrate loss and finite
metallization thickness. The description holds for the entire quasi-
TEM range, ie., for typical MMIC geometries from DC to
mm-wave frequencies. Validity of the model was checked by
comparison to full-wave results, The errors for the effective
dielectric constant and the characteristic impedance range below
5%, for the attenuation typical values of 5...10% are found
(maximum: 20%).

1. INTRODUCTION

N MODERN monolithic microwave integrated circuits

(MMIC’s) more and more the coplanar waveguide (CPW)
is used as transmission-line element [1]. The description of
such miniaturized CPW structures, therefore, constitutes an
essential part of any MMIC design tool. Fig. 1 shows the CPW
geometry under consideration and the parameter definitions.
Previous rigorous analyses [2]-[4] indicate clearly that any
reliable modelling approach must take into account both finite
metallization thickness and non-ideal conductors. On the other
hand, the quasi-TEM condition holds well, even in the mm-
wave frequency range. Hence an equivalent-circuit model as
illustrated by Fig. 2 can be applied (note that the elements
are defined per length, i.e., their unit reads 1/m). Such a
description offers advantages because the elements can be
derived separately and it fits well into common network
analysis environment. For microstrip, several authors [5]-[7]
have published corresponding work but their descriptions
employ numerically expensive methods and hence they offer
only a limited potential regarding most practical applications.

Extracting the elements R, L, C and G from the correspond-
ing full-wave results [3], one finds that the variation of C' and
G/w with frequency remains negligible whereas resistance R
and inductance I exhibit considerable frequency dependence
(see also [8]). The latter behavior can be explained by the
change in CPW current-density distribution when increasing
the frequency from DC to the skin-effect range.

For high frequencies, current penetration into the conduc-
tors is shallow and, consequently, R can be derived by a
perturbation approach. Also, the internal and external parts
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Fig. 1. The CPW cross section (¢ = po.€ = &o except for substrate, x

denotes the conductivity of the metallization).
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Fig. 2. The distributed equivalent-circuit model (all elements are defined
per length).

of the inductance L, and L. may be separated with L.
being approximately frequency independent and identical to
the value L., for ideal conductors. Furthermore, the internal
reactance wL; equals the resistance R. For skin depth values
§ larger than about three times the metallization thickness
t one faces a more complicated situation. Then, the current
distribution changes significantly and also the external induc-
tance becomes frequency dependent [9]. Regarding MMIC
structures, however, also that range must be covered by the
model.

To determine the four elements R, L, G, and C' we proceed
as follows:

1. An analytical approximation for the capacitance is de-
rived assuming an arbitrary value of e,. This yields the
line capacitance C' and, applying the case &, = 1, the
external inductance L.., according to the well-known
quasi-TEM relation.

2. Once L. is known R and wL, within the skin-effect
range can be obtained by using the incremental in-
ductance rule [10]. Since L., is available in closed
form also the derivatives with respect to the conductor
dimensions can be calculated analytically.

3. For frequencies with § > ¢/3, additional investigations
are necessary to develop a suitable approximation for
the resistance that covers the complete frequency band.
Similarly, the inductance must be treated to account for
the frequency dependence of both external and internal
parts.

Finally, the results calculated by our model are compared
with full-wave mode-matching calculations [3] to validate the
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(b)

Fig. 3. The geometry used for calculation of the capacitance (z plane) and
the structure after mapping into the z; plane (chain-dotted and solid lines
denote magnetic and electric walls, respectively).

simplified approach and to evaluate its accuracy. One should
emphasize that the approximative formulas are developed
using physical arguments. Pure curve-fitting procedures are
introduced only in the third step to describe the behavior within
certain transition intervals.

In order to enhance clearness of presentation the following
sections focus on the derivation of the approximations and the
principal behavior of the line elements. Most of the formulas
are not included there but summarized in the Appendix.

II. CALCULATION OF THE CAPACITANCE

If one neglects the influence of the backside metallization
and assumes the ground metallizations to extend to infinity
the problem reduces to that illustrated by Fig. 3(a). Only one
quarter of the cross section is considered, which corresponds
to a capacitance Cy = C /4. For the case £, = 1 the thickness
t’ is equal to half the metallization thickness ¢ defined in Fig.

be determined easily [11]. The problem is that the coefficients
B and C defining the resulting slot width are defined in the z;
plane and not in the original one. Therefore, a nonlinear system
of equations has to be solved that, additionally, contains
integrals for which no analytical solutions exist. This approach
is not suitable for the desired CAD purposes.

Owyang and Wu [12] applied a perturbation method to
obtain a first-order approach for small but finite values of
t’. Unfortunately, their mathematical derivation contains an
inconsistency, which leads to erroneous results, e.g., a simple
’In ¢’ dependence of R. Revising their derivation, however,
one obtains a reliable approximation for C; in the case ¢’ — 0.

But such an approach is not sufficient regarding the CPW
structures of interest since ¢’ may exceed the limitations given
by the first-order assumption. Hence, additional considerations
are mandatory. One knows, for instance, the limit for large val-
ues of ¢'. Then, when increasing thickness ¢’, the capacitance
increment is simply that of a parallel-plate geometry, i.e., it
holds JC, /0t = eo/s. It turns out that this limit is reached
with good accuracy already for ¢ = s/2. What is left is the
intermediate range between the first-order expression in ¢’ and
the point ¢ = s/2. In order to obtain a realistic approximation
for that domain we introduce additional second-order terms
for the interval ¢ < s/2. Their coefficients are determined
such that the transition at ¢’ = s/2 becomes continuous up
to the second derivative. In this way, one achieves a smooth
curve behavior between the two limits in ¢/, which closely
follows the exact results. Finally, the effect of finite ground
planes is accounted for by modifying the term independent of
t' according to [13].

The resulting formula for the capacitance reads Cy(t') =
e - F(t') with F(t') being the function given in (1), shown
at the bottom of the page. Here K(k) and K'(k) denote
complete elliptic integrals of the first kind, for the coefficients
k, and p.; please refer to (14) and (16) in Appendices A.1 and
A.2. One should note already at this point that the derivative
of C, with respect to ¢’ becomes infinite at ¢’ = 0 due to the
term ¢ - ln ¢/,

Using (1) one has for the total line capacitance C and the
conductance G caused by the substrate dielectric-loss tangent:

C =2¢- (Fup + & - Flow)

1, for €, > 1 a magnetic wall can be placed at the substrate )
surface with good approximation. Then one has ¢’ = ¢ for the G = 2wepe, - tan & - Flow
upper half plane and ¢’ = 0 for the lower one. )
On principle, the capacitance C; can be derived for arbitrary with
values of ¢/ by means of a Schwartz-Christoffel conformal- ,
; ) ) Fop=F(t' =1t)
mapping procedure. First, the complex 2 plane is transformed
into the z; plane of Fig. 3. In the z; plane, one has again a Flow = F(t' =0) = K(k1) -
CPW geometry but of zero thickness. Thus its capacitance can K’ (k1)
K(k t 2t \? 3 2t/
/( 1)+Pc0' —(\Pa—In—)+{—) - {1=-5p2+pe2-In— for ' < 2
n_ ) K'(k) s s s 2 s 2
F(t) = K(k) y (1)
K’(kll) + %0 Apez +2) + " otherwise
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Similarly, the external inductance for ideal conductors L.
can be obtained from the capacitance for e, = 1 (we assume
i = po throughout the paper):

Ho

Leoo = -

1, (3

with
Fy = F(t, = t/Z)

The approximations used in the derivation of (1) introduce less
than 1% error in capacitance and L., for realistic dimensions.

III. THE SKIN-EFFECT VALUES OF R AND L;

In the skin-effect region, i.e., if skin depth  is small
enough compared with metallization thickness ¢, a perturbation
approach can be applied to determine line resistance 12 and
internal inductance L;. Because the inductance L., is given
in closed form Wheeler’s incremental inductance rule [10]
represents the best choice in our case. One only needs to calcu-
late the inductance increments when recessing the conductors,
which is a tedious but straightforward procedure.

The future treatment requires to distinguish between the
ohmic losses on center and ground conductor. Therefore, the
expression of (1) must be modified to include different values
for the thicknesses of the two conductors. Again, the result
can be given in an analytic form:

Re|sg = vk ———FI(’C)
R =4 /
2K 4F02
(9)
wpo Fyp
Rylse = ¢/ o - 5 @
g 26 AFZ
hop [T 22
: 2wk 4F§

where R = R, + R,. The indices c and g refer to the center
and ground conductors, respectively. SE’ denotes the skin-
effect region (for Féc) and F I(Jg) please see (17) and (18) in
Appendix A.3).

IV. THE LINE RESISTANCE R

Fig. 4 shows the frequency dependence of the total resis-
tance, i.e., the sum of the resistances R, and R, of center and
ground conductors, respectively. Both in the high-frequency
and the low-frequency limit one observes well-known char-
acteristics. For frequencies f beyond about 20 GHz the
skin-effect range appears with R ~ \/f. For f — 0, on the
other hand, R approaches the DC value (fc; and fg; denote
the corresponding transition frequencies for center and ground
conductor, respectively). The DC resistance can be derived
easily, (4) provides the skin-effect limit.

Between these two ranges, however, the behavior differs
substantially from that of the classical skin-depth theory, which
is based on simple one-dimensional considerations. The reason
is that we are dealing here with a true two-dimensional current
distribution (see [9]). This represents an essential extension
compared to the magnetic-wall model of the microstrip, for
instance. As a result, the so-called phenomenological loss
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Fig. 4. CPW total line resistance R as a function of frequency f. Comparison
of mode-matching results (symbols) with “phenomenological loss equivalence
method” [14] (dashed) and this work (solid). The transition frequencies we,
and wg, according to (8) are indicated by the chain-dotted bars. (CPW struc-
ture with w = 40 pm, s = 5um,t = 1.5 pm, wy = 200 pm, & = 3 - 107
S/m, &, = 12.9, for parameter definition see Fig. 1).

equivalence method [14] fails to predict the intermediate range
(see dashed curve in Fig. 4).

Consequently, we employ a segmentation approach in de-
veloping an approximate expression for the resistances E. and
R, of center and ground metallization: The curves R(w) are
defined piecewise within the three intervals. Regarding the
intermediate range between DC and skin-effect approximation,
a curve behavior linear in the log-log scale is assumed. As
can be seen from Fig. 4, this setting closely fits the full-wave
results. Finally, smoothing terms a;*¢ are included such that
both R and OR/8w remain continuous at the boundaries of
the different intervals.

Equations (5)—(8) present the vesults for the total line
resistance R:

R=R.+R, ®)

(for R, and R, see (6) and (7) on the following page), where

1
Ryp=—
07 wwt
R — Wealto FL(,C)
°l 2% 4F2
1
R.o=
90 kgt
n. [0 FY
gt 2 AFE
4
Wel = poktw
o= & (Y
2 HoK wt 3
2 ®
Yol = pHoktwg

2 <2wg+t)2
wep = — - | —L—
Mok wgt
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1 Rc(]
o Rcl
Ve =
ln <wc1)
We2
In (R_go_)
l/g = 7( gl

(for afc) and agg), (i=1---4), see (21) in Appendix A.5).
One should mention that the skin-effect limit of (5)—(8)
deviates from the full-wave results by a certain extent. The
greater the influence of the metallization edges, i.e., the smaller
the ratio s/w, the more pronounced that effect becomes. It can
be attributed to a principal error of the perturbation approach.
The assumption of a constant skin depth ¢ fails in describing
the realistic field behavior at metallic edges and overestimates

the losses.

V. THE LINE INDUCTANCE L

The frequency behavior of L is plotted in Fig. 5. One
observes a distinct frequency dependence. Also, L cannot be
described simply by the inductance L., found in the case of
ideally conducting metallizations.

In the skin-effect realm, that is for f > fro, we find
the well-known characteristics: L separates into an external
part equal to L., and an internal part L;, which is related
to the resistance and follows a 1//f rule (see (4)). This
situation changes when reducing frequency f below fr». Then
inductance increases steeply. Only at very low frequencies, the
curve saturates again towards its DC limit Lpcg. The value
Lpco can be derived analytically applying common magneto-
static theory. Equations (19) and (20) in Appendix A.4 provide

If o
? 05 *xg | — eqn (9-11} L 05
=== Lew
£ 1 xxx mode matching (3]
I .
= skin-effect
- range

03 - 1f|_‘] fL2|‘—"’ 03

02+ 0.2
001 [ 1 10 100

Fig. 5. CPW total line inductance L as a function of frequency f:
mode-matching results (symbols), (9)—(11) (solid), and external inductance
for ideal conductors L. (dotted). The transition frequencies wy,, according
to (11) are indicated by the chain-dotted bars. For CPW data see Fig. 4.

the result. In our case, Lpcg assumes about double the value
of L.o. The substantial increase originates mainly from the
external inductance L.. The contribution of the internal part L;
remains in the order of 10% over the entire frequency range.
This finding corresponds to results on two-wire configurations
[15] but is in contrast to the common microstrip case where L,
is approximately constant with frequency and only L, causes
dispersion.

The procedure to develop an approximative formula for
L resembles that used for the resistance R. The curve is
synthesized piecewise subdividing the entire frequency range
into four intervals defined by the transition frequencies f7,, (see
Fig. 5). fr2 denotes the lower limit of the skin-effect range
and corresponds to the condition ¢ = 3é. fr, specifies the
frequency where the current distribution in the center conduc-
tor becomes uniform. fr is associated with the frequency at
which also the ground-metallization current approximates the
DC distribution. After all, smoothing terms with coefficients

¢ 2
Ry- |1+ agc) . <i) ] for w < weq
Wel
w \* We1\ 2 w \?
R.=¢ R, - ( ) 1+ a§°> . (—c) + agc) . < ) for wei € w < wes (6)
We2 w We2
wio F[(,C) (e) We2 2
B i e (2

for w < wyy
for wyr < w < wyo (7N

for w > wyo
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aEL) are introduced that ensure L and its first derivative to
behave continuous at the transition frequencies. One obtains

expression (9), shown at the bottom of the page, where

Lpco = Lpo(w, wy)

3 po 1 (10)
La,=1L — _— =
21 DC (w, 2’11)) 1 F
with
K(ka) K(ki)
Fi = F —
PR Ry K ()
I — po P9 + F9
2= 2(4)L2K, 4F(‘)2
and
4
wro =
poktwg
4
wr1 = (11)
poktw
e = 18
L2 = oy

In LDCO - Leoo
Vo = Lzl
z1l = (UJLO)
In|{ —
wr1
Lzl
In
_ (LZZ)
Vyo = —F
(52)
In|{ —
wr2

Lpc denotes the DC inductance function given by (19)
in Appendix A4, L., the external 1nductance for ideal
conductors (3)), Fy also refers to (3), and for a, ), 1=0--.5,
see (22) in Appendix A.6.

In Fig. 5 one observes slight discrepancies for f — 0
between the mode-matching analysis and (9)—(11). The reason
is that for the mode-matching approach magnetic side walls
are assumed whereas in the structure of Fig. 1 the substrate
extends to infinity. Note that (9)—(11) give the exact DC value
for the line geometry of Fig. 1.
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V1. RESTRICTIONS AND ERRORS

Our model employs a quasi-TEM approach. Thus, frequency
must not exceed the value where non-TEM effects deteriorate
accuracy considerably. This can be avoided if the actual wave-
length does not fall short of about 10 times the characteristic
waveguide dimensions, i.e., if Ag/(10,/;) > w + 2s holds.
The formulas presented refer to a CPW structure of infinite
substrate thickness without backside metallization. Hence,
regarding the typical MMIC geometry a lower bound on
substrate thickness h; exist. Allowing for 1% deviation of
the propagation quantities relations 12 specify the range of
validity:

1 1

< . .
S 10 J/iogoe, w+ 2s
he > 2-(w+2s).

(12)

Furthermore, the segmentation procedures used for L and R
require that

9
Wy > W and t< QW (13)

hold, which is fulfilled for the structures of practical interest.

Given the line elements R,L,C, and G the propagation
quantities ..z = (8/60)?, o, and the complex characteristic
impedance Z can be easily derived. We checked the accuracy
of the new model by comparing those quantities to the
corresponding full-wave results of the mode-matching analysis
[3]. Employing a variety of realistic MMIC coplanar structures
the errors |Ac,eft/crer| and |AZ/Z]| can be estimated to be
less than 3% (i.e., |[AB3/8] < 1.5%). For the attenuation «,
the error bound is larger (20%). Generally, the errors decrease
with growing impedance. Considering 50 - geometries, for
instance, the accuracy of « is better than 5%. Presenting plots
of the propagation behavior would exceed the limitations of
this paper. The interested reader is referred to [16].

Among the error sources mainly the resistance R has to be
mentioned. For small slot widths the perturbation approach for
the skin-effect region overestimates R by an order of 10%.
Therefore, when developing a further improved description
first (5)—(8) should be revised.

)
Lpco -

(::“—)}
Leoo+Lzl( )
)

Leoo + Lz2 (L
w

L. [ FO 4+ O
(e o} 4F0

\ 2WK

[ (22)]

for w < wrp

for wpo < w < wpa

i () ()] enzosn
2
i

forwrr S w S wie

L w
ral)- ()]

for w 2 wro
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VII. CONCLUSIONS

Evaluating the results of this paper the following conclu-
sions can be drawn with regard to analysis and design of
miniaturized MMIC CPW'’s:

 The quasi-TEM approach yields sufficient accuracy up to
mm-wave frequencies.

+ Both finite thickness of the metallizations and their non-
ideal conductivity have to be accounted for.

+ The field characteristics of the CPW are two-dimensional
on principle. Thus approximations for strip resistance I
and inductance L adopted from one-dimensional consid-
erations fail to predict important effects. As a further
consequence, the external inductance becomes frequency
dependent to a substantial amount.

» The formulas given in this paper provide a very efficient
formulation. Compared to equivalent full-wave analyses
the numerical expenses are reduced drastically to the PC
format. The resulting errors appear to match well with the
practical requirements. The description consists of math-
ematical expressions that are lengthy but of closed-form.
Therefore, it is particularly suited for implementation into
CAD packages and related applications.

« The validity range of the model extends down to DC,
which is of special interest regarding digital circuits.

VIII. APPENDIX A
THE PARAMETERS AND ABBREVIATIONS USED

A.l The Elliptic Integrals K and E and their Modulus k;

K (k) — complete elliptic integral of 1st kind
E(k) — complete elliptic integral of 2nd kind

"(k) = K(V1 - k2)
"(k) = E(V1—k2)

ko:w-llijls
( w + 2s )2
Joy = ko - w + 25 + 2w,
\ (w+23+2w9> (14)
<w+25)
g = Ko - 4w + 2s
VT ()

Subroutines providing the elliptic integrals F (k) and K (k) are
available on many computer platforms. Otherwise, efficient
algorithms and approximate formulas can be found in the
mathematical literature (e.g., [17], [18]).

A.2 The Coefficients pg; and the Geometrical
Parameters a,b, and g

o=2
T2
b=+ (15)
2
Lt
H= 3
R
PO 20 (K (ko))?
8mTa a b
= 1 ——In—
pa =1+ a—l—b)+ b a
p02:pcl_2g (K/(ko))
o El(ky)
pC3 - a(b—'— a) Kl(k'o) (16)
_b—a In 8ra +g
pC4_b+a atb) b
1 3
Des = b+
_b—aln 24mb(a+b)) b 1
Pes = (b—a)2 bta o

A3 The Quantities F\” and F\
Applying the incremental inductance rule one obtains for

the center conductor (17) and correspondingly for the ground
metallization (18) (see following page).

A4 The DC Inductance Lpc

The DC inductance for the CPW of Fig. 1 (finite conductor
thickness ¢, center strip width wj;, slot width s, ground
metallization width wse, infinite substrate) can be derived
analytically:

o {iz - gr(w1)

Lpc(wi,ws) = s o
1

1
. 2
T2 lgz.(w1 + 2s)

+a1, (w1 + 2wy + 2s) + 2g7,(w2) (19)
—2g1,(w1 + wa + 2s)]
4
— —— - [gp(w1 + w2 + 5)
wi1Wa
—gr(w1 + ) +9r(s) — gr(wz2 + )]}
with the function gz (z) according to (20):
1 1 T\ 2
= (=2 222} 1 _)
9.(z) <12 5" ) H{H (t }
LR SN 20
12e = 20)

2 x-t arctanx -+ (3;)2 arct t
2y t. ot Y . arctan—
3 1 T \% e
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AS The Coefficients a\” and !

The coefficients az(-c) and agg) (¢ = 1---4) are chosen such
that the resistance and its first derivative remain continuous at
the transition frequencies w.1,wez and wy1, wga, respectively.
They denote the following terms (the coefficients afg) are
obtained simply replacing the index (c) by the index (g) and
using ~y, instead of 7,):

%-uc+1-(1—uc) (4=l =)

51
and
_ [ Wt 2_ wgel 2
o wea) — [(2wg+1)2]

A.6 The Coefficients aSL)
()

Corresponding to the terms a; ' presented above the coef-
ficients agL) (i = 0.--5) cause smoothing of the inductance

curve. They represent the following expressions:

S0 W2 = va) A+ m)(L = ma) + Ay + na(1 —3m)

4
4-v.— % ' (é - uc) (4= ve[l =42]) P (e =) m) (1 —ms) + 4 (1 - 3m)
1 /1 ay”) = L. [a$(1 = n3) — m2 — 4]
@_2 (=_,).1+d? @21) 1+m
ag ve |- (L+ag’)
4 2 () 9w o)
ay’ =—5— (nataz”’ -ms)
c 1 ¢ ¢ 2t
(o _ * (a() a())
’ e @ _ (2t W, W
C c ’ c a jraamnd —— . +a
a§)=0«()+% ag) 5 (9w) ag 4
(L) Vz1 (L)
a = ———_|._ -a
where 1 41—, M2 - Gy
> 2 (L) Leoo (2 W
(wcl) I: wi ] ag = 1—L al + —) -a
Ve = = |l—=Q DCO g
We2 \/i(w + t)2 (22)
{
Deo 1 87a b-a 2ty
D | . .1 —(b—a)- _p-lnZH
. {a+b [wb—l—b n<a+b> (b—a) ln(b—l-a) b-In .
t b i
+—H“ | Pe1Pes — P2 — —Pos + Pes + Dz = Pes + — — 1 —Pes)-In —E}
s a a s
2
t 3 3 3b bb-—a
+(2) - Pesl = 2Pet ) + 5Pt =22+ 14 5—Pea — =
Flo — { s 2 2 2a ab+a a7
L b 2t \
+(2p02 +pcl<pc3 - 1) - gpc4> -In —S_H:I}
forty S%
1 tg  Deo i 1 1 b a’ + b2
— == —— = —|- e 2) = —Peg — 2—————~
2s + s2 + s {a+ b + gPes + Pet + pes(per +2) alet a{a +b)
L otherwise
Deo iﬂ'i b—a o _2t_H
. .{a+b [mz—ka 1n<b_a)+b 1n<b+a) a-ln ”
t a a a a 2ty
+?H . [gpclpc3 + (1 - 3)pc1 — Pc2 — Pea — Pes + (—ch?, + Pe2 + '5 -1 +p05) In T]
2
t 3 3a a 3 b—a
+( ) - 2pes( 1= 5per ) + 5 7Pt — 2o+ 2= 7 + SPes —
F@ iy s b 2 2b b 2 b+a (18)
L a 2t
+(2pc2 + chl(pGS - 1) - pe-i) - In THjl}
forty S%
1 tm | Peo wa 1 1{ a a a2—|—b2]}
- 5 - - 3 o> 1~ 7 Fc T e 2 - C _2
2s+32+ s {a—l—b 2p06+8 bp1+bp3(pd+ ) = Pea bla +b)
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